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ABSTRACT

The following mechanism of action of Time machine is considered. Let space-
time < V 4, gik > be a leaf of a foliation F of codimension 1 in 5-dimensional
Lorentz manifold < V 5, GAB >. If the Godbillon-Vey class GV (F) 6= 0 then
the foliation F has resilient leaves. Let V 4 be a resilient leaf. Hence there
exists an arbitrarily small neighborhood Ua ⊂ V 5 of the event a ∈ V 4 such
that Ua ∩ V 4 consists of at least two connected components U1

a and U2
a .

Remove the four-dimensional balls Ba ⊂ U1
a , Bb ⊂ U2

a , where an event
b ∈ U2

a , and join the boundaries of formed two holes by means of 4-dimensional
cylinder. As result we have a four-dimensional wormhole C, which is a Time
machine if b belongs to the past of event a. The past of a is lying arbitrarily
nearly. The distant Past is more accessible than the near Past. It seems that
real global space-time V 4 is a resilient one, i.e. is a resilient leaf of some
foliation F .

It follows from the conformal Kaluza-Klein theory that the movement to
the Past through four-dimensional wormhole C along geodesic with respect to
metric GAB requires for time machine of large energy and electric charge.

http://arXiv.org/abs/gr-qc/9612064v1


We have a Time machine in a space-time domain D, when a smooth closed
time-like curve exists in this domain. In the papers [1, 2] the case of creation of
Time machine from the three-dimensional wormhole (3-wormhole) by means
of kinematic procedures with one mouth of wormhole is considered. The au-
thor agrees with opinion of M. Ju. Konstantinov [3, 4] that this assertion is
erroneously because contradict to Principle of equivalence and ”in according
with theorems about global hyperbolicity and Cauchy problem the models
with causality violation could not be considered as the result of dynamical
evolution of some initial space-like configuration and must be considered as a
solution of some boundary problem” [4]. But Time machine exists if solution
of the Einstein’s equations with 3-wormhole contains a closed time-like curve,
i.e. if under creation of 3-wormhole simultaneously the closed time-like curve
is created.

In this paper the different principle of action of the Time machine is dis-
cused. The closed time-like curve can be constructed by means of attaching of
four-dimensional handle (4-wormhole).

1 Conditions of existence of Time machine in

space-time with Euclidean topology

Let gik (i, k = 0, ..., 3) be a constant gravitational field in domain D, which
is homeomorphic to Euclidean space IR4 and let this field is created by dust.
Suppose that g00 > 0 and what is more g00 = const = 1. The last relation can
be reached by means of transformation

x̄0 =
∫ √

g00dx0, x̄α = xα, (α = 1, 2, 3).

Assume that closed time-like curve L is analytic Jordan curve and it lies on
2-dimensional oriented surface F ⊂ D. And what is more suppose that L is
border of F .

It follows from formula [5, p.357] that

gαβfαβfαβ =
16πGρ

c2

1 + v2

c2

1 − v2

c2

, (1.1)

where

fαβ =
∂

∂xα

(

g0β

g00

)

− ∂

∂xβ

(

g0α

g00

)

,
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ρ is density of dust, v is velocity of dust.
The formula (1.1) can be rewrite in the form

∆3
3(f12)

2 + ∆2
2(f13)

2 + ∆1
1(f23)

2 + 2∆3
2f12f13 + 2∆3

1f12f23+

+2∆2
1f13f23 =

16πGρ

g00c2

1 + v2

c2

1 − v2

c2

, (1.2)

where ∆α
β is minor of 2nd order of matrix || −gαβ || that is got by means of

crossing out of line with number α and column with number β.
Further we consider only such gravitational fields for which either all

∆α
β ≥ 0, (1.3)

or, if ∆α
β < 0 then in (1.2) the summand containing this ∆α

β is equal to zero.
The condition (1.3) is true for the Gödel’s solution, and the second, for exam-
ple, for metric

ds2 =
1

2
(dx0)2 + 2Ωx2dx0dx1 − Ωx1dx0dx2 +

(

Ω2(x2)2 − 1

2

)

(dx1)2−

−2Ω2x1x2dx1dx2 +
(

Ω2(x1)2 − 1

2

)

(dx2)2 + A(dx3)2,

which contains smooth closed time-like curve of the form x1 = a sin µ, x2 =
a cos µ, x0, x3 = const.

If fαβ < 0 (α < β) then we make the change fαβ = −fβα and get that all
fαβ in (1.2) will be non-negative.

Let
∆ = min

α,β
inf
D

∆α
β > 0,

where we considered only non-zero minors. It follows from (1.2) that

(f12 + f13 + f23)
2∆ ≤ 16πGρ

g00c2

1 + v2

c2

1 − v2

c2

. (1.4)

Now we are able to calculate the chronometrical invariant time t(L) of passage
of curve L [6, 7]. In the constant gravitational field f0i = 0. By using this
equality and the Stokes’s formula me get

t(L) =
1

c

∫

L

g0idxi

√
g00

=
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=

√
g00

c

∫∫

F

f12dx1dx2 + f13dx1dx3 + f23dx2dx3 =

=

√
g00

c

∫∫

F

(f12 cos θ1 + f13 cos θ2 + f23 cos θ3) dS.

By using (1.4) we have further

t(L) ≤
√

g00

c

∫∫

F

(f12 + f13 + f23)dS ≤

≤ 4
√

πG

c2

∫∫

F





ρ

∆

1 + v2

c2

1 − v2

c2





1

2

dS.

Suppose that density ρ and velocity v of dust are constant in domain D. Then

t(L) ≤ 4

c2





πGρ

∆

1 + v2

c2

1 − v2

c2





1

2

σ(F ), (1.5)

where
σ(F ) =

∫∫

F

dS

is ”Euclidean” area of surface F .
If s(L) is proper time of L then

s(L) =
∫

L

(

1 − V 2

c2

) 1

2

dt,

where V is velocity of Time machine with world line L,

V 2 = γαβV αV β, V α =
dxα

dt
,

γαβ = −gαβ +
g0αg0β

g00
.

Hence proper time of return to the past can be less than any positive small
number. But then the velocity of Time machine must tend to the velocity of
light.
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The formula (1.5) generalizes (Demidov V.V. Master’s degree work, Omsk
State University, 1986. – see [6, 7]) the analogeous estimate

t(L) ∼
√

8πGρ

c2
σ(F ) (1.6)

from [8] which was got under the assumptions: g03 = g13 = g23 = 0, the time
loop lies on the ”plane” F = {x0, x3 = const} and v = 0. It follows from (1.6)
that if it is true ”Euclidean” relation

σ(F ) ∼ π−1[l(L)]2, (1.7)

where
l(L) =

∫

L

√

γαβdxαdxβ

is 3-length of L and σ(F ) is area of F , then

t(L) ∼ 2 · 10−24√ρ · [l(L)]2 (sec).

Hence under ρ ∼ 10−31g/cm3 and t ∼ 1year we have l ∼ [distance between
Sun and Galaxy′s center] ∼ 8000parsec; if l ∼ 1000km, then t ∼ 6 · 10−23sec!
When t ∼ 1year and l ∼ 1000km, then ρ ∼ 6 · 1028g/cm3 !!

If we throw off the relation (1.7) then under t ∼ 1year, l ∼ 1000km and
ρ ∼ 10−31g/cm3 we get σ ∼ 109π−1l2, i.e. deviation from Euclidean geometry
in space where exists smooth closed time-like curve is very vast. This means
that Time machine is realized in such domains where act strong gravitational
fields which destroy the human organism.

Suppose that functions gik ∈ C1(D). It is easy to prove [7] that in con-
sidered domain D the existence of smooth closed time-like curves which are
homotopic to zero and are passing through given point x0 ∈ D implies the
equality

det || gik(x0) ||= 0,

i.e. we have a singularity. Hence the smooth closed time-like curves which are
homotopic to zero (or are contractible to point) do not exist in non-singular
space-time with Euclidean topology.
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2 The process of creation of wormholes in

space-time

The closed time-like curve can be constructed by means of the topological
change of domain D or more exactly by means of attaching of 4-dimensional
handle (4-wormhole).

How does it get the change of topology in the given compact domain D of
space-time? The answer is contained in the consideration of some analogy of
the Gauss-Bonnet’s formula for closed 3-dimensional space-like surface V 3 ⊂ D
(the closure can be got by identification the points of border ∂V 3 ⊂ ∂D of non-
closed 3-surface V 3):

∫∫

V 3

∫

K(gαβ,
∂gαβ

∂xν
,

∂2gαβ

∂xν∂xµ
)dv =

3
∑

ν=0

cνbν(t), (2.1)

where K is the some function of 3-metric gαβ and its derivatives, t is the
time parameter, bν is the ν-dimensional Betti number, cν is the real costant
[9, 10, 11].

The change of connectivity or simple-connectivity of 3-surface V 3 at the
moment t = t0 is realized if b0(t) or b1(t) are changed by jump by changing
t, t0 − δ < t < t0 + δ, δ > 0. It doesn’t take place if the curve L : t →
gαβ(t) which belongs to the space of 3-metrics equipped with C2(D)-topology
(it means the closeness with respect to the first and second derivatives of
gαβ) is continuous. The discontinuity of the curve L means the existence of
discontinuities for the second derivatives of gαβ on the set A ⊂ V 3. So the
topology of V 3 is changed if 3-metric gαβ(t) = gαβ(t, x1, x2, x3) undergoes the
discontinuities of the second derivatives under t = t0.

Since gαβ(t) must satisfy the Einstein’s equiations then the discontinuities
of ∂k∂lgαβ take the place when the certain energy sources with continuous
energy-momentum tensor are switched on at the moment t = t0 [9]. The
discontinuities of ∂k∂lgαβ are the consequence either shock gravitational waves
or another waves the velocity of propagation of which is less than the velocity
of light.

In detail this construction of 4-wormhole creation was analyzed in papers
[10, 11]. For example [10], the formula (2.1) for closed orientable Riemannian
manifold V 3 with Killing unit vector field ξ has the form [12]

1

2πl(ξ)

∫∫

V 3

∫

[K(ξ⊥) + 3K(ξ)]dv = 2b0(V
3) − b1(V

3) + d0,
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where K(ξ⊥) is Riemannian curvature in the plane that is orthogonal to ξ,
K(ξ) is Riemannian curvature in the arbitrary plane containing ξ, l(ξ) is the
length integral trajectory of field ξ, d0 = 0 if b1 is even and d0 = 1 if b1 is odd.
In the paper [11] the case of non-compact 3-space without any symmetries is
considered.

In the case of the General Theory of Relativity the following general re-
sult takes the place. If σ is the characteristic 2-dimensional section of the
3-dimensional domain D0 that contains the 4-wormhole than the mean value
of energy density jump [10, 11]

< δǫ >∼ c4

4πG

1

σ
,

where c is the light velocity, G is the gravitational constant.
The creation of 4-wormhole means that 3-dimensional piece D0 leaves the

3-dimensional physical space V 3 or is separated from V 3.

3 Resilient space-time

When we have the chance to create the 4-wormhole going from the Present to
the Past? It is evivently if the temporal stream carries out the peace D0 to
the Past which is lying arbitrarily nearly. We can realize this by means of the
theory of resilient leaves of foliations of codimension 1 in the 5-dimensional
Lorentz manifold and the conformal Kaluza-Klein theory [13, 15].

Let < V 4, gik > be a leaf of an orientable foliation F of codimension 1 in the
5-dimensional Lorentz manifold < V 5, GAB >, g = G |V 4 , A, B = 0, 1, 2, 3, 5.
Foliation F is determinated by the differential 1-form γ = γAdxA. If the
Godbillon-Vey class GV (F) 6= 0 then the foliation F has a resilient leaves [16].

We suppose that real global space-time V 4 is a resilient one, i.e. is a resilient
leaf of some foliation F . Hence there exists an arbitrarily small neighborhood
Ua ⊂ V 5 of the event a ∈ V 4 such that Ua ∩ V 4 consists of at least two
connected components U1

a and U2
a .

Remove the 4-dimensional balls Ba ⊂ U1
a , Bb ⊂ U2

a , where an event b ∈
U2

a , and join the boundaries of formed two holes by means of 4-dimensional
cylinder. As result we have a 4-wormhole C, which is a Time machine if b
belongs to the past of event a. The past of a is lying arbitrarily nearly. The
distant Past is more accessible than the near Past. A movement along 5-th
coordinate (in the direction γA) gives the infinite piercing of space-time V 4 at
the points of Past and Future. It is the property of a resilient leaf [16].
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Define the Lorentz metric G̃AB on V 5 in the following way

G̃AB = −γAγB + g̃AB,

g̃5A = 0,

where g̃AB is metric tensor of V 4. It is more convenient [17] to use conformal
metric GAB

GAB = φ−2G̃AB, gAB = φ−2g̃AB, φ = γ5,

GAB = −λAλB + gAB,

λ = φ−1γ,

(dĨ)2 = G̃ABdxAdxB = φ2GABdxAdxB = φ2dI2

with the cylindrical condition that GAB are not depend of x5 and G55 = −1.
Than φ is a scalar field, and the 5-dimensional Einstein’s equations

R
(5)
AB − 1

2
GABR(5) = κQAB

are reduced [17] to the 4-dimensional Einstein’s equations, the Maxwell’s equa-
tions and the Klein-Fock equation for φ

R
(4)
ik − 1

2
gikR

(4) − Λφ2gik = −2G

c4
(FimF m·

·k − 1

4
gikFmnF mn)+

+
3

φ
(∇i∇kφ − gikg

mn∇m∇nφ) − 6

φ2
φ,iφ,k + κQik, (3.1)

−∇mF mk − 3F mk φ,m

φ
=

c2κ√
G

φ3Qk
AλA,

gmn∇m∇nφ − 1

6
R(4)φ +

1

3
Λφ3 − Gφ

2c4
FmnF mn = −κ

3
φ3QABλAλB

where κ = 8πG/c4, φ,i = ∂φ/∂xi. The co-vector γA is determinated by the
scalar field φ and 4-potential λi, i = 0, 1, 2, 3 of electro-magnetic field Fik =
λi,k − λk,i.

Define the proper time along time-like curve L as

dτ =
dI

c
, dI2 = GABdxAdxB,
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where coordinates xA(A = 0, 1, 2, 3, 5) are given in domain Ua ⊂ V 5. Suppose
that Time machine moves in the Past along L in Ua such that it is at rest in
the domain V 4 ∩ Ua, i.e. x1, x2, x3 = const. Then

dI2 = ds2 − dλ2, ds2 = c2dt2 − dl2,

where

dt =
g0idxi

c
√

g00
, dl2 =

(

−gαβ +
g0αg0β

g00

)

dxαdxβ (α, β = 1, 2, 3)

are chronometrical invariant respectively time and length in space-time V 4.
Hence

dτ =

√

√

√

√1 −
(

dλ

ds

)2
ds

c
=

√

√

√

√1 −
(

dλ

ds

)2
√

√

√

√1 −
(

dl

cdt

)2

dt =

√

√

√

√1 −
(

dλ

ds

)2

dt,

(3.2)
since dl = 0.

Let L be a time-like geodesic curve with respect to 5-metric GAB that has
the ends a and b.

Then [17, c.51]
dλ

ds
= − e

2m
√

G
, (3.3)

where e is electric charge, and m is mass of Time machine.
If any vector ξ is tangent to V 4 then dλ(ξ) = λAξA = 0. Hence the motion

along curve L : xA = xA(s) and which is transversal to W 4 is characterized by
means of the inequality

dλ(
dxA

ds
) = λA

dxA

ds
=

dλ

ds
6= 0. (3.4)

The relations (3.3) and (3.4) imply that for transversal motion, i.e. motion in
5-th dimension it is nesessary that body had an electric charge. Therefore for
start of Time machine we must give to it the electric charge.

It follows from (3.2) that (dλ/ds)2 ≤ 1, because time τ must be real. Hence
e/2m

√
G ≤ 1. This inequality is not correct for electron. Thus there exists

the restriction for mass and electric charge of Time machine.

In the case when the Godbillon-Vey class GV (F) = 0 one can attempt to
change this, i.e. to include the foliation F in smooth one-parametric family of
foliations Fµ characteristic class

CharFµ
(α) = GV (Fµ), α ∈ H3(W1),
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CharFµ
(α) : H∗(W1) → H∗(V 5, IR)

of which is changed with change of parameter µ in accord to law

GV (Fµ)
d

dµ
GV (Fµ) = 0.

Change (variation) is possible if α ∈ H3(W1) does not belong to image of
homomorphism of inclusion H3(W2) → H3(W1) [19]. Since H3(W2) = 0 [20]
then one can be taken abitrary cohomological class α 6= 0.

Suppose that our space-time is not resilient one. Can it be rolled up? It is
very difficult question. As we think it has positive answer. This is consequence
of the Antropological Principle.

4 Source of energy for Time machine

It follows from 00-equation (3.1) that

R(3) + K2 =
4G

c4
εF (t) + 2εφ(t) +

16πG

c4
εQ(t). (4.1)

where R(3) is scalar curvature and K2 is exterior one (with respect to V 4) of 3-
space V 3, εF (t), εφ(t), εQ(t) are energy densities respectively of electo-magnetic
field, scalar field and the other matter. Hence the jumps of energy densities
are consequence of the jump of curvature < δR(3) >∼ 2 (we suppose that
< δK2 >= 0), which defines the change of topology of 3-space (see §1 and
[10, 11]) and separation of domain D0 with the characteristic 2-dimensional
section σ from space V 3. The relation (4.1) shows that the jumps of energy of
electro-magnetic field and the other matter can be very vast

< δεF >∼ c4

G

1

σ
, < δεQ >∼ c4

4πG

1

σ
,

but for scalar field < δεφ >∼ 1.
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